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Abstract 

Three-nucleon forces, which compose an up-to-date subject in few-nucleon systems, provide a 
good account of the triton binding energy and the cross section minimum in proton-deuteron 
elastic scattering, while do not succeed in explaining spin observables such as the nucleon and 
deuteron analyzing powers, suggesting serious defects in their spin dependence. We study the spin 
structure of nucleon-deuteron elastic amplitudes by decomposing them into spin-space tensors and 
examine effects of three-nucleon forces to each component of the amplitudes obtained by solving the 
Faddeev equation. Assuming that the spin-scalar amplitudes dominate the others, we derive simple 
expressions for spin observables in the nucleon-deuteron elastic scattering. The expressions suggest 
that a particular combination of spin observables in the scattering provides direct information of 
scalar, vector, or tensor component of the three-nucleon forces. These effects are numerically 
investigated by the Faddeev calculation. 

PACS numbers: 21.45. +v, 21.30.-x, 24.70.+S 



*E-mail: 



ishikawa@i. hosei. ac.jp 



I. INTRODUCTION 



In the last decade, a lot of investigations have been devoted to nucleon-deuteron {Nd) 
elastic scattering to provide valuable information on nuclear interactions such as an evidence 
of a three-nucleon force (3NF) |1|, g |, |, |, |, 0, |, |, |10|, |11], 0, |T3|, |T6] . In these 

studies, serious discrepancies between theoretical predictions with conventional models of 
two-nucleon force (2NF) and corresponding experimental data were found for some scattering 
observables in addition to the well known underbinding problem of the three-nucleon (3N) 
bound states. An example of the discrepancies is that calculated nucleon- and deuteron 
vector analyzing powers are considerably smaller than the measured in a low energy region, 
say Ep < 20 MeV 0, |^, ^, [11], |l^, |16|, [l^, ITSf. Another example of the discrepancies is 
observed in the proton-deuteron {pd) elastic cross sections around the minima of angular 
distributions, where the 2NF calculations underestimate the cross section systematically 
when compared to the measured ones at intermediate energies Ep = QO — 150 MeV 0, |12| . 
The latter discrepancy has been solved by introducing a two-pion exchange three-nucleon 
force (27rE-3NF) with a cutoff parameter adjusted so as to reproduce the empirical binding 
energy of the triton |T9|. However, the introduction of the 3NF provides only a small effect 
on the former discrepancy, or sometimes gives rise to worse agreements with experimental 
data on some spin observables ||, ||, ||, |I0|, |1^, |T5[. We are, therefore, still far from the 
final understanding of nuclear interactions in the 3N system. 

Since the difficulties are concerned with the spin observables, detailed investigations on 
the contribution of spin-dependent interactions in the observables will be required for im- 
proving the relevant interactions. Previously we have analyzed the imaginary parts of 
neutron-deuteron (nd) forward scattering amplitudes, which are transformed into combina- 
tions of total cross sections for polarized or unpolarized beams and targets by the use of 
the optical theorem. By decomposing the forward amplitudes according to their spin-space 
properties and examining the contributions of spin- dependent interactions to the compo- 
nents, we have succeeded in clarifying spin-dependent effects of the 3NF on combinations of 
the total cross sections. Being encouraged by such success, we will here develop the previous 
work to the case of Nd spin observables at finite scattering angles. As in Ref. [|20|, we will 
examine the contribution of a particular spin-dependent interaction on the observables by 
tagging ranks of related spin-space tensors on the scattering amplitude as described below. 
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and then will study which observable characterizes the effect of the particular spin- dependent 
interaction. 

For the tagging, we will decompose scattering amplitudes according to the tensorial prop- 
erty in the spin-space. In such decomposition, where we obtain scalar amplitude, vector one, 
second-rank tensor one, and so on, each component specified by the tensor rank will describe 
the scattering by corresponding interactions: the scalar component will describe the scat- 
tering by central interactions, the vector one the scattering by spin vector interactions like 
spin-orbit ones, and the second-rank tensor one the scattering by tensor interactions. In 
the next section, such decomposition of the scattering amplitude is performed in a model- 
independent way by the invariant amplitude method . 



When the observables are described in terms of such decomposed amplitudes, one will 
be able to identify the contribution of the particular spin-dependent interaction by the help 
of the associated tensor rank. However, full expressions of the observables in terms of the 



decomposed scattering amplitudes are rather complicated. In Sec. |T|, we will show that 
the central interaction will dominate the scattering at low energies. Then the observables 
are described rather simply in an approximation neglecting second order terms of the vector 
and tensor amplitudes in the expressions. This approximation gives a clear insight into 
the role of each component of the interaction and one can obtain the information on the 
observables, which characterize the contribution of the component. Utilizing the results, 
typical observables such as the vector and tensor analyzing powers and spin correlation 



coefficients are fully analyzed by the Faddeev calculations in Sec. |3 In the analyses, 
investigations are particularly focused on the contributions of 3NFs to the observables, 
which include various spin effects and are decomposed into scalar effects, vector ones, and 
tensor ones. The incident energy is fixed to En = 3 MeV, since at low energies below the 
deuteron breakup threshold, the Coulomb interaction can be treated exactly in the Faddeev 
calculation . 

Matrix elements of a scattering T-matrix in terms of the invariant amplitudes are given 
in the Appendix 0, and formulae of polarization transfer coefficients in the approximation 
are given in the Appendix O for the convenience of applications of the theory. 
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II. T-MATRIX AND TRANSITION AMPLITUDES 



Let us describe a scattering T-matrix M for the Nd scattering by specifying the elements 
by the z component of the deuteron spin and that of the nucleon spin as 
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where the row and column are designated by {ud = 1, i^n 

l\ I,. _ n ,, _ 1\ _ 1 _ 1 



^j, \yd = l,z/Ar = -|), [y^ = 

0, i^N = {i^d = 0,un = -^), {i^d = -1, i^N = {i^d = -1, i^N = from left to right 
for the initial state and from top to bottom for the final state. These matrix elements will 
explicitly be described by scattering amplitudes that have particular tensorial property in 
the spin space. For that purpose, we will decompose M by spin-space tensors Skk, where 
K and k, are the rank of the tensor and its z component, 



m = J2Mk, Mk = J2i-rsK-.RK.- 



(2) 



K 



Here, Rrk is the counter part, a tensor in the coordinate space. Using Eq. (H), matrix 



elements of are given |21] by 



'^{sNSdl^Nl^d\Sil^i){sNSdl^'N^d\Sfl^f){-y^~''f 

S^Sf 

K 

ii=K-K 

xF{s,SfKe,), 



K 



(3) 



where s is the spin of the related particle, ki{kf) is the Nd relative momentum in the initial 
(final) state, Ci^{Q) = (47r/(2£ + 1)) and K = K for even K and K = K + 1 for 

odd K. The amplitude F{siSfKii) is called the invariant amplitude due to the invariance 
under rotations of the coordinate axes and is a function of the center of mass energy and the 
scattering angle 9. In Eq. (|), while the geometrical part of the matrix element of Sk-k is 



described by the Clebsch-Gordan coefficients using the Wigner-Eckart theorem and that of 
Rkk is represented by [Ci.{ki) ? their physical parts are included in F{siSfKii), 

which represents the scattering by spin-space scalar interactions for i^T = 0, the one by vector 
interaction for K = 1, and so on. 

For the Nd scattering, in which Sj and Sf are ^ or |, i^" takes 0, 1, 2 and 3. For the 
components of the amplitude in Eq. we will denote the scalar amplitudes {K = 0), the 
vector ones {K = 1), the tensor ones {K = 2), and the third-rank tensor ones {K = 3) as 
follows: 

' Ui = F(||00) 

(4) 

^ f/3 = F(|fOO) 
' S, = [Ci(A;,)®Ci(A;^)];F(iill) 

(5) 

^3 = [C,Ch)®C^ikj)]lF Hill) 

S, = [C,Ch)0C^ikj)]lF{llll) 
' Uk) ^ Y.[Cdk)®C,^{kf)]lF{\\2Q 

t,{k) ^ Y.\cdk)®c,^{kf)]lF{\hi,) 

I. (6) 

li 

(fi; = 0,l,2) 

V{k) ^ Y\CiXK)®C,X^^)tF&,li) 

(/« = 1,2,3) (7) 

Here, Ui and S'l describe the scattering in the spin doublet state (sj = Sf = |), U^, S3, 
T^^k), and V^(k) describe those in the spin quartet state (sj = Sf = |), and S2, 5*4, Ti(/t), 
and T2{k,) describe the doublet-quartet nondiagonal transitions. The time reversal theorem 
gives one relation, 

^4 = -^2, (8) 
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for the vector amplitudes, four relations between the nine tensor amplitudes, and one relation 
between the three third-rank tensor amplitudes, although latter five relations are not used 
explicitly. These relations are equivalent to those given for d+^B.e scattering in Ref. [ p3[| . 

The matrix elements A, R are described in terms of the amplitudes Ui, V^(3), 
whose explicit expressions are given in Appendix ^. Solving Eqs. ([A1|)-( |ATB| ) in Appendix 
inversely, we get the amplitudes Ui, V^(3) in terms of A, i? as follows: 

= -^H - -I - -N +—0 
^ 3 3 3 3 

U, = A + Ih + ^I+^N+Io (9) 



Si 



\{V2J-2K-P + V2Q) 
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6 
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6 
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^ ^ 3 3 3 3 

^ ^ 3 3 3 3 

T-m = "^'Ih-^i-^n-Io (11) 

Ti(l) = ^-^{V2G - M - 2J - V2K + V2P + Q) 

2v 3 

T2(l) = -^{V2B - C - J + V2K - V2P + 2Q) 
2v 3 

T3(l) = -^{B + V2C + G + V2M) (12) 
V6 

Ti(2) = -1=[V2L-R) 
U2) = -1={D-V2E) 

T3(2) = -^{V2D + E + L + V2R) (13) 
v6 



V{1) = -^{B + V2C-G~V2M-V2J-K 
V 15 



-2P - V2Q) 
V{2) = -^{L + V2R- V2D - E) 

y(3) = F (14) 

Intrinsic third-rank tensor interactions are unknown and possible third-rank tensor amph- 
tudes may arise from higher orders of the vector and tensor interactions, which is supposed 
to have small contributions to the scattering. Then the third-rank tensor amplitudes will 
be neglected in later applications for simplicity. 

When effective interactions are introduced by a Nd two-body model, one can directly 
relate the amplitude Uj, Tj{K = 0, 1, 2), and Sj to the components of the model interactions, 
i.e., central ones, tensor ones, and spin-orbit ones. The example of the relation is given in 



Ref. |]20[. Then the analyses in the following sections can be represented in terms of such 



effective interactions when necessary. 

III. ANALYSES OF INVARIANT AMPLITUDES 

In the present work, we have calculated the scattering amplitudes by solving the Faddeev 
equation in the coordinate space [£4| with the Argonne Vi8 model (AV18) H for the input 



2NF. The Coulomb interaction is included for the pd scattering by the method in Ref. P2 
The 3N partial wave states for which the 2NF acts are restricted to those with total two- 
nucleon angular momenta up to 2, and the total 3N angular momentum is truncated at 
19/2. The accuracy of our calculations is examined by the comparison with variational 



calculations for the AVI 8 2NF with the pair correlated hyperspherical harmonics basis [26 



whose results of the AV14 2NF [27] are considered as benchmarks for the nd scattering [28 
and the pd scattering [^. The agreement of the phase-shift parameters by both methods 
are found within a few percent deviation for all of thirty phase-shift parameters up to the 
5/2" state |22 



Calculated binding energy of the triton for the AV18 is 7.51 MeV, which is small com- 
pared to the empirical value of 8.48 MeV. An additional contribution of the 27rl5-3NF is 
investigated by using the Brazil model (BR) [^, which gives 8.44 MeV for the triton bind- 
ing energy in combination with AV18 (AV18+BR). Furthermore, we introduce two kinds of 




FIG. 1: The absolute squares of the scattering amplitudes Ui, U3, Si, S2, and 5*3 are shown in (a), 
and those of Ti{n), T2{k), and T^^k) for k = 0, 1, 2 are shown in (b). The curves are the Faddeev 
calculations with the AV18 for the nd scattering at En = 3 MeV. 

the phenomenological models of the 3NF. One is for the study of the role of the central force 
part of the BR-3NF, which is simulated by a Gaussian type (GS) as 



i-GS-3NF = V,^ E exp {-C-^r - i-r] ■ (15) 

i^k ^ '"G re } 
Values of the parameters, which are determined so as to reproduce the empirical triton 
binding energy of 8.48 MeV in combination with AV18 (AV18+GS), are vq = 1.0 fm and 
= -45 MeV. The other model of 3NF is the spin-orbit (SO) 3NF which is adopted 
as an example of new spin vector interactions to account for the discrepancy in the vector 
analyzing powers, 

V'so-sNF = ^Wq exp{-ap} ^ {Uj ■ {cTi + cr^)) Ai, (16) 
with = |(?"i2 + ^"23 + ^31) ^'^'^ Ai is the projection operator to the spin and isospin triplet 



state of the pair (i, j). For this interaction several parameter sets are suggested in Ref. []3T 



among which we take a = 1.5 fm ^ and Wq = -20 MeV. The S0-3NF gives a repulsive 
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effect on the triton binding energy. The resultant binding energy for the S0-3NF with the 
BR-3NF (AV18+BR+S0) is 8.39 MeV. 




FIG. 2: The 3NF effects on the scattering amplitudes in the nd scattering at En = 3 MeV are shown 
by the ratio of the magnitude calculated with a 3NF to that without it for the scalar amplitudes 
(a), for the vector amplitudes (b), and for the tensor amplitudes in the spin quartet scattering 
with K = 0, 1, 2 (c). The solid curves denote the calculations for AV18+BR, the dashed curves for 
AV18+GS, and the dotted curves for AV18+BR+S0. 

We first calculate the magnitudes of the scalar, vector and tensor amplitudes, for which 
the contributions of the 3NF are examined. Fig. |^ shows as functions of the scattering angle 
the squares of the absolute magnitudes of the amplitudes, Ui, f/3. Si, S2, S3, Ti{k), T2{k), 
and T^Ik) {k, = 0,1,2), obtained by the Faddeev calculation without the 3NF for the nd 
scattering at = 3 MeV. There the magnitude of the quartet scattering amplitude f/3 
is much larger than that of the doublet scattering amplitude Ui. Among the three vector 
amplitudes, the magnitude of the quartet scattering amplitude S3 is much larger than other 
two, those of the doublet scattering 5*1 and the doublet-quartet non-diagonal transition 
amplitude 5*2. The magnitude of S2 is larger than that of 5*1. They have similar shapes in 
the angular distribution which have maxima around 6 = 90°. The absolute squares of the 
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tensor amplitudes, Ti(0), T2(0), and T^^O) show similar angular dependence in a global sense. 
Other tensor amplitudes also have common characteristics in the angular distributions for 
K = 1 and K, = 2, respectively, although in less grades than for k = 0. These properties of 
the vector and tensor amplitudes reflect the specific characters of the ^-dependent factors 
in Eqs. and (^, since the 6'-dependence of F{siSfKli) is weak at the present incident 
energy. 

The contributions of the 3NFs on the nd scattering amplitudes are shown in Fig. ^, where 
the displayed is the ratio of the magnitude of each amplitude calculated with the 3NF to 
that of the amplitude calculated without any 3NF. In the figure, the amplitude is little 
affected by the 3NFs, while Ui receives large contributions from the BR-3NF as well as 
from the GS-3NF. The S0-3NF provides very small contributions to f/i. In more detail, the 
contribution of the BR-3NF to ?7i is considered to be mostly due to the central part of the 
interaction, because the magnitude and the angular distribution of the contribution are very 
similar to those of the GS-3NF. The vector amplitudes. Si, S2, and Ss, are influenced by the 
3NFs, and particularly the S0-3NF produces large contributions to S2 and 5*3. The 3NF- 
effects on the tensor amplitudes are examined for example for the spin quartet scattering, 
where T^{0) and T-^{1) are considerably affected by the BR-3NF but are very little by the 
GS-3NF or by the S0-3NF. The amplitude Ts{2) is hardly affected by any 3NF studied. 
Such properties of the amplitudes will be reflected on the observables in the analyses in the 
next section. 

IV. ANALYSES OF OBSERVABLES 

In the previous section, we observed that the scalar amplitudes are larger in magnitude 
than the vector and tensor amplitudes at the low energy. In this section, analytical exami- 
nations of Nd observables will be carried in an approximation where we neglect the second 
order terms of the vector and tensor amplitudes in the observables. The results by this ap- 
proximation, which we call the scalar amplitude dominance (SAD) approximation, are used 
as the guidelines for the numerical analyses of the observables with Nd amplitudes provided 
by the Faddeev calculations . 
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A. Differential cross section 



The unpolarized differential cross section a{9) is expressed as 

^(0) = ]:Nn, (17) 

where N^i is defined as 

Nn = Tr (MM"f), (18) 

and the factor 6 arises from the spin average in the initial state. 
In the SAD approximation, is given by 

Nr=\Ui\^ + \Us\\ (19) 

Differences between fully calculated differential cross sections and those in the SAD ap- 
proximation are less than 1%. 

B. Vector analyzing powers 

The vector analyzing powers of the proton and the deuteron, Ay and iTu, are defined as 

Ay = -^Tr(Ma,Mt), (20) 
zTu = -^Tr(MrnMt), (21) 

where rn = — ^(t^ + iTy) and and Ty are the x and y components of the spin vector 
operator of the deuteron. 
In the SAD approximation, 

Ay = ^Im{f/i(--^5i + 252)* + Us{V2S2 + ^^s)*}, (22) 



tTn = ^y^Im{f/i(25i - V2S2T + Usi-S2 + VbSs)*}. 



(23) 



These equations show that the scalar amplitudes and the vector ones dominantly govern the 
vector analyzing powers. 

First we will numerically examine the validity of the SAD approximation in the vector 
analyzing powers, by comparing Eqs. (p2D and (^31) with the exact calculations. Fig. |^ shows 
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^cm. (deg) e^.^ (deg) 

FIG. 3: The vector analyzing powers of protons Ay and deuterons iTn for the pd scattering at 
Ep = 3 MeV by the exact calculations (solid curves) and by the SAD approximation (dashed 
curves) for AV18. 

the comparison where the SAD approximation works very well, indicating the contributions 
of the neglected terms to be small. Therefore the approximation will have sufficient accuracy 
to obtain the guidelines for further calculations. 

Next, we will examine the contributions of the related interactions in detail. Since the 
magnitude of U3 is much larger than that of f/i as seen in Fig. 0, one can expect the dominant 
contribution to the vector analyzing powers to arise from the [/3-terms of Eqs. (^) and (p3|), 
which are accompanied by two vector amplitudes 5*2 and S3. To extract the contribution of 
one of these amplitudes, we will eliminate the other by considering a linear combination of 
Ay and iTn: the contribution of S2 will be enhanced by the combination Ay — -^iTu and 
that of 5*3 by the combination Ay + -^iTn. Considering these features, we will investigate 
for the pd scattering the contribution of the 2NF and the corrections due to the 3NF to the 
analyzing powers where the S0-3NF produces the dominant correction. As seen in Fig. ^, 
the Faddeev calculation with the AV18 does not reproduce the measured Ay and iTu, while 
the calculation which includes the S0-3NF improves very much the agreement with the data 
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FIG. 4: Comparison of the Faddeev calculations and experimental data for (a) the proton 
vector analyzing power Ay, (b) the deuteron vector analyzing power iTu, (c) Ay + -^iTn, and 
(d) Ay — -^iTii in the pd scattering at E'p = 3 MeV. The dashed curves denote the calculations 
for AV18, the sohd curves for AV18+BR, and the dotted curves for AV18+BR+S0. For (c) and 
(d), quasi-experimental data made by fitting the experimental data of Ay and iTu in Ref. Q are 
plotted with the error bars. 

for both of Ay and iTu due to the large contribution of the S0-3NF to the amplitudes 5*2 
and 5*3 as seen in Fig. 0. In the figure, the calculations are compared with the data for 
the combinations Ay + -^iTu and Ay — -^iTu obtained from those of Ay and iTu, where 
the S0-3NF reproduces quite well the data of the former combination but the data of the 
latter are not sufficiently reproduced by the calculation, although the improvement of the 
agreement with the latter data is appreciable for the S0-3NF contribution. This means that 
the S0-3NF does not describe the amplitude 5*2 sufficiently. Since the magnitude of 5*2 is 
much smaller than that of S3 as seen in Fig. |l], the inadequacy of the contribution of 5*2 is 
masked by the contribution of S3 in Ay and iTu. Then, the linear combinations proposed 
here will provide more refined tests of the spin vector interaction than the analyzing powers 
themselves, at such low energies. 
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FIG. 5: Effects of 3NFs on spin correlation coefficients for vector polarizations of deuterons. The 
calculated {Cx,x + Cy^y + Cz,z + 2)(t(6')/3 and —{Cx,x + Cy^y + Cz^z — l)^(^)/3 are shown for the 
nd and pd scattering at -Bat = 3 MeV in (a) and (b), respectively, where the dashed curves denote 
the calculations for AV18, the solid curves for AV18+BR, and the dotted curves for AV18+GS. 
See the text for the points with error bars. 

C. Spin correlation coefficients 

In the previous paper |2^, we have investigated the total cross sections of the nd scat- 



tering for the unpolarized neutron and deuteron, for the transversal polarizations where 
the polarizations of the neutron and the deuteron are perpendicular to the z axis, and for 
the longitudinal polarizations where the polarizations of the neutron and the deuteron are 
parallel to the z axis, and have shown that linear combinations of these cross sections give 
information on Ui{6 = 0) and Us{6 = 0), separately. To extend this idea to finite angles, we 
will investigate the spin correlation coefficients defined as 

Ca,fs = ^Tr(Mr,a^Mt). (24) 

The spin correlation coefficient for the transversal polarizations will representatively be 
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described by the average of Cx,x and Cy^y, which is given in the SAD approximation as 

\{Cx,x + Cy,y) = +lm' 

-^f/rTi(0) + ^f/3*T2(0) 

-\uiT,m (25) 

and the spin correlation coefficient for the longitudinal polarization Cz^z in the SAD approx- 
imation is given by 

Czz = ^Re{--|f/ir + Vsl' 

+^f/*Ti(o) - \u;t^{q) 

+ \uiT,m- (26) 

These results suggest that one can get — 2|f/ip + jf/sp in terms of the spin correlation 
observables by taking a linear combination of Eqs. ( p5l) and (^). Further, by using the 
unpolarized differential cross section a{0), we get 

|f/i|2 = -2{Cx,x + Cy,y + Cz,z - i)(y{e) (27) 

and 

If/sl' = 2(a,. + Cy^y + Cz,z + 2)a{9), (28) 

where we have used Eqs. ([TtD and (|18|) with Eq. (|T9|). 

For both of the pd and nd scattering, —\{Cx,x + Cy^y + Cx^x — l)c'"(6') and \{Cx,x + C'j/.j/ + 
Cz,z + 2)o"(6') obtained by the full calculations are displayed in Fig. ^ These quantities 
describe and ||f/3p, respectively, in the SAD approximation and we see again that 

|f/3p is much larger than |f/ip for the nd scattering as in Fig. ^and also for the pd scattering 
except for small angles where the Coulomb interaction dominates. The contributions of the 
BR-3NF and the GS-3NF are displayed in the figure, where one can see that the contributions 
are remarkable in |f/ip but not in jf/sp and the GS-3NF is a good simulation of the scalar 
part of the BR-3NF. Such 3NF contributions will experimentally be examined by measuring 
the cross section and the spin correlation coefficients. 

In Fig. I (b), we plot the data of approximate doublet cross sections obtained by 

cri(0)^a^^P(e)-^|[/3^^1r, (29) 
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FIG. 6: Effects of 3NFs on the spin correlation coefficients Cxy,x and Cyz^z, and their Hnear 
combinations Cxy,x + Cyz^z and Cxy,x — Cyz^z for the pd scattering at Ep = 3 MeV. The dashed 
curves denote the calculations for AV18, the solid curves for AV18+BR, and the dotted curves for 
AV18+BR+S0. 

where the experimental data in Ref. |^ are used for a^^^{6) and the results of the AV18+BR 
calculation for U^^\ Since the amplitude is little affected by the 3NFs as observed in 
Fig. ^ the use of another calculation for U^^^ produces essentially the same results. The 
theoretical prediction of —^{Cx^x + Cy^y + Cz,z — l)cr(^) agrees well to the data (yi{9) up to 
9 ~ 120° when the 3NF is included, showing the 3NF contribution to be indispensable to 
describe the doublet scattering. 

The remarkable effect of the 3NF on Ui is related to the effect on the triton binding 
energy, as will be understood by the characteristic that the doublet scattering amplitudes 



at low energies are governed by a position of the 3N bound state pole Then it will 

be important to confirm such theoretical predictions of the characteristics of the nd central 
interaction by the experimental measurements to fully understand the role of the scalar 
part of the 27rE-3NF at low energies. Another combinations of Cx^xi Cy^y, and Cz^z will be 
discussed later together with tensor analyzing powers. 
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Further, we will examine Cx,z and Cz,x as other examples of the spin correlation coef- 
ficients for the vector polarizations of the nucleon and the deuteron. Generally, the con- 
tributions of the vector amplitudes and those of the tensor ones will be mixed up in these 
coefficients. However, their effects are separated to each other by considering their linear 
combinations. In fact, in the SAD approximation, 

Cx,z + C,,x = ^i— Re{-2f/*Ti(l) 

+y2f/*(T2(l)-2T3(l))}, (30) 

Cx,z - a,. = -^Re{(v^f/i - U^yS^}. (31) 

The combination Cx,z + Cz^x consists of the scalar amplitudes and the tensor ones and will 
reflect the contributions of the central interactions and the tensor ones. On the contrary, 
the combination Cx^z — C^.x will describe the contributions of the central interactions and 
the spin vector interactions. The former quantity will be investigated by considering further 
combinations with tensor analyzing powers. The latter quantity will exhibit the contribution 
of the S0-3NF to the vector amplitude 5*2, since Ui is small and f/3 is insensitive to the 3NF. 

Next we will investigate Cxy,x and Cyz^z as examples of the spin correlation coefficients 
due to the tensor polarizations of the deuteron. In the SAD approximation. 



c -I- — -r* 

^xy,x^'^yz,z 2 y^'^ 



-^Im{-f/i(2v^5i + 52)* 

+Usi-^S, + ^S,r}, (32) 



Cxy,x Cyz^z iC'xx,y ~\~ c^^W^y^ 



^Im{f/iri(l)* + i=/73T2(l)*}. 



(33) 



Due to Eqs. (132|) and (^), Cxy,x + Cyz,z characterizes the contribution of the vector am- 
plitudes and Cxy,x — Cyz^z that of the tensor ones. Further it is expected that the S0-3NF 
contributes to the former quantity through the vector amplitudes 5*2 and 5*3 and the BR- 
3NF to the latter through the tensor amplitude T2(l), since the magnitude of Ui is small 
compared to that of t/3 and ?73 is hardly affected by the 3NF. 
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In Fig. the calculated Cxy,x and Cyz,z and their linear combinations, Cxy,x + Cyz.z and 
Cxy,x — Cyz,z for the pd scattering are displayed for the three kinds of interactions, AV18, 
AV18+BR, and AV18+BR+S0. In the calculated Cxy^x and Cy^^z, the vector effect of the 
S0-3NF and the tensor effect of the BR-3NF are actually mixed up as seen in the left 
panel of Fig. ^. However, in the right panel of Fig. ^, they are clearly separated to each 
other, that is, the effect of the S0-3NF appears in Cxy,x + Cyz,z but not in Cxy,x — Cyz,z, 
while the effect of the BR-3NF appears in the latter combination but not in the former one. 



These characteristics are consistent with the theoretical prediction by Eqs. (32) and (p3|). 
Therefore, measurements of these spin correlation coefficients will be useful to identify the 
contributions of these 3NF, separately. 



D. Tensor analyzing powers of deuterons 

Tensor analyzing powers of the deuteron (k = 0, 1, 2) are defined by 

T2. = -^Tr(Mr2«Mt), (34) 

where is the spin tensor operator of the deuteron with the z component of k. In the 
SAD approximation, 

T2. = -^Re{-2t/*Ti(/t) + V2U;{T2{t^) + T^it^))}. (35) 

Then, the tensor analyzing powers represent the contributions of the scalar amplitudes 
and the tensor ones. On the other hand, the tensor amplitudes are influenced by the tensor 
part of the BR-3NF, as shown in Fig. |^, where the magnitudes of T^iO) and ^3(1) are 
affected by the 3NF at most angles, while the magnitude of T^i^) is not. Such 3NF effects 
can be extracted by the linear combination of the tensor analyzing powers and the spin 



correlation coefficients. Using Eqs. ( psD and (|26D , we get in the SAD approximation 



^y^i^Cx^X C-y^y) \P2.Cz^z 

-^Re{-2f/*Ti(0) + V2f/3*(T2(0) - 2r3(0))}. 



(36) 



From Eqs. (|35|) and (^), we obtain 



T20 - ^[Cx^x + Cy^y) + ^Cz^z = ^Re{U;T,{0)). (37) 
V2 ^^R 
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Relations similar to Eq. ([37| ) are derived for the tensor amplitudes T-s^l) and T3(2) in the 
SAD approximation, 

T21 - ^(a,. + a,.) = ^-^Muinii)), (38) 

T22 + ^(a,. - C,,,) = ^Re(t/3*T3(2)). (39) 



Since U3 is insensitive to the 3NF, the right hand sides of Eqs. (|37|), (pSQ , (p^) will reflect 
the tensor effect of the BR-3NF on T^{0), T^ll) and T3(2) shown in Fig. |^. To eliminate 
the 3NF effect on N^, we will show the calculated (T20 — -^{Cx,x + Cy^y) + \/2Cz^^<y{9), 
(T21 - ^(a,. + a,x))t^(^), and (T22 + ^(a,x - C^,y))^x(^) in Fig. 0. The figure shows the 
3NF tensor effects to be consistent with the characteristics of the effects on tensor amplitudes 
in Fig. g That is, the 3NF tensor effect is small but finite in Re(?73*T3(0)) and Re{UlT^{l)), 
while the effect is almost negligible in Re(?73T3(2)). These features can be examined by 
measuring the cross section and the spin correlation coefficients and such measurements will 
be important to determine the contribution of the 2NF tensor interactions and the 3NF 
tensor effect in the scattering, since T3(0), T3(l) and T3(2) form a complete set of the tensor 
amplitude in the spin quartet scattering. 



V. CONCLUDING REMARKS 



We have proposed some combinations of the scattering observables for obtaining the 
detailed information on the contributions of the 2NF and various models of the 3NF. Since 
each combination characterizes the contribution of a particular interaction, measurements 
of these quantities will provide clear tests for the validity of the interaction. 

The numerical investigations are particularly focused on the contributions of the 27rE-3NF 
and the S0-3NF. As is well-known the 27rE-3NF provides the indispensable contribution to 
the triton binding energy, and by the present analyses it turns out that this 3NF effect 
produces clear contributions to the spin doublet scalar amplitude in the Nd scattering, 
which can be examined by measuring the cross section and some spin correlation coeffi- 
cients. Further, the Faddeev calculations clarify that the 27rE-3NF contributes also as the 
tensor interaction to the tensor amplitudes in the spin quartet scattering. These 3NF effects 
will be criticized by comparing with experimental data when the related observables are 
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60 120 180 



FIG. 7: Effects of 3NFs on tensor amplitudes in the pd scattering at E'p = 3 MeV. The quantities, 
(T2Q-^{C:c,x + Cy,y) + ^f2C,,,y{e), {T2i-^{C^,,+C,,^))a{e), and {T22 + 4iCx,x-Cy,y))a{e) 
(see text) are shown in (a), (b), and (c), respectively. The dashed curves denote the calculations 
for AV18, the solid curves for AV18+BR, and the dotted curves for AV18+GS. The dashed curves 
and the dotted curves are overlapped almost completely in (a) and (b), and the three kinds of 
curves cannot be identified to each other in (c) . 

measured. The S0-3NF produces the remarkable contribution to the vector amplitudes in 
the quartet scattering and also in the doublet-quartet nondiagonal transition. This improves 
the calculated vector analyzing powers of the proton and the deuteron successfully, although 
the agreement with the experimental data transformed for the nondiagonal transition is not 
so good as that for the spin quartet scattering. 

The SAD approximation is useful to find the suitable combination of the spin observables 
for the examination of a particular interaction. In the present investigation, the analyzing 
powers and the spin correlation coefficients are chosen as the spin observables. However, 
polarization transfer coefficients will also be available for the examination of the interaction. 
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For the convenience of such apphcations, we will give in Appendix |B| the formulas of the 
polarization transfer coefficients in the SAD approximation, which will be useful in finding 
of suitable combinations for the test of the validity of particular interactions. 
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APPENDIX A: MATRIX ELEMENTS OF M IN TERMS OF THE INVARIANT 
AMPLITUDES 

The matrix elements A, R in Eq. (|T]) are described by the invariant amplitudes t/i, 
V{k) as follows: 

A = \{U, + TM) (Al) 

B ^ i^(T.(l) - T3(l)) - 1=S. + -i=.3 + ^ni) (A2) 

C - -^^i\Ul) + T3(l)) + 1^. + i=^3 + (A3) 

D = ^{-T^{2)+T,{2)-V{2)) (A4) 

E = i=(2T2(2)+T3(2)-\/(2)) (A5) 

F = V{3) (A6) 

G = --L(T,(1) + TM) - i^S. - J=,S, - J=Vm (A7) 

H = ^Ui + ic/s + i(-2ri(0) + 272(0) - r3(0)) (A8) 
3 o o 

J=^(2T,(l)-T.(l)) + fs,-is,4s. 
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L = ^(-2^1(2) + T3(2) + 1^(2)) (A12) 

M = ^m(l) - 2T3(1)) + - -^Ss - ^V{1) (A13) 

N = -L(^-V2U^ + Us + Ti(0) + 2T2(0) - T,{0)) (A14) 

o = li^u, + Us + Ti(o) - r2(o) - r3(o)) (ai5) 

Q = ^(-Ti(l) + 2T2(l)) + i(2V25i + 254 + ^2) 

it: = ^m(2) + r3(2)) + ^V{2) (A18) 

APPENDIX B: POLARIZATION TRANSFER COEFFICIENTS IN THE SAD 
APPROXIMATION 



1. Deuteron (vector) to Nucleon transfers 

The polarization transfer coefficient is defined as 

K^aidn) = -^TT(MT^M^a^). (Bl) 
Define Xi, Yi{k ^ 0,1,2), and Zi by 

^ -l\U,\' + l\U,\' - ^ReiU^U;), (B2) 
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Y,{k) = ^Re{Ui{T,{K)-4T2{K) + 2T3{K)y 



Then we get 



K(dn) + Klidn) = ^(^i - ^1(0)), 



Kl{dn) - Ky{dn) ^ -^Y,{21 



2. Nucleon to Deuteron (vector) transfers 

The polarization transfer coefficient is defined as 

Ki{nd)^^TT{Ma^M^Tp). 
Define X2, Y2{k = 0, 1, 2), and Z2 as 

X2 = Xi, 



Y2{k) = Y^e{Ui{ATi{K)-T2{K) + 2Ts{K)y 



Then we get 



+V2Us{-^T,{k) - T2{k) + 2T,{K)y}, 



Z2 = Z\. 



K:(nd) + Klind) = ^(^2 - 1^2(0)), 
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2 a/2 

K^And) - Kl{nd) = ^^^2(2), (B16) 

K^nd) + Kl{nd) = -^^Y,{1\ (B17) 

Kind) - Klind) = ^^Z,. (B18) 



3. Deuteron (tensor) to Nucleon transfers 

The polarization transfer coefficient is defined as 

KUdn) = -^Tr(Mr,^Mta^). (B19) 
Define X3, Yy,ii<i = 0, 1, 2), and Z3 as 

X3 = 0, (B20) 

Y,{k) = ■^lm{Ui{T,{K)-2mK)y 

+V2Us{n{K) + ^T2{k) + Uk))*}, (B21) 

Z, = Im{U,{S2 - ^SsY - 2Us{S^ + - -^s)*}. (B22) 



Then we get 



Ry^idn) - Kl^idn) = ]^(-^3(l) - 2Z3), (B23) 

Kl,{dn) + Kl^{dn) = ^{'Ysi^) + ^^3), (B24) 

K'.yidn) = 1^^3(2), (B25) 

K'yAdn) = ^{-lYs{l) + Z,), (B26) 



K'yAdn) - Kl^idn) = -^\/^>^3(0). (B27) 
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4. Nucleon to Deuteron (tensor) transfers 

The polarization transfer coefficient is defined as 

Define X4, Y4^{k = 0, 1, 2), and Z4 as 

^4 = 0, 



Y^{k) = -^lm{U,{T2{K) + 2n{K)y 



Tfien we get 



x-M - M = ^(-n(i) - 2Z4), 

K\nd) = ^y4(2), 

KT{nd) = ^J,-\Y,{l) + Z,l 
Kl\nd) + (nd) = -K^,y{nd), 



y 

L 



5. Deuteron (vector) to Deuteron (vector) transfers 



Tfie polarization transfer coefficient is defined as 



Define X5, l5(«; = 0, 1, 2), and Z5 as 



^5^^ic/ir+^ic/3r+^Re(c/ic/a 
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+^U^{T^{K)-T2{K)-4.Ts{K)y}, 



= "9" 



Re{[/i(45i + 2^252 + y|^3) 



Then we get 



-^3(^51 + 552-75^3)*}. 



K^idd) + Ky{dd) = ^{^x, + 1f5(o)), 

K:{dd)-Ky{dd)^-^^U2), 

Kl{dd) - K^idd) = -^Z,, 
K{dd) = ^{X,-Y,{0)). 



6. Deuteron (vector) to Deuteron (tensor) transfers 

The polarization transfer coefficient is defined as 

Kt'idd) = -^Tr(Mr„Mtr^^). 
Define Xq, Y6{k = 0, 1, 2), and Zq as 

^6 = 0, 



Then we get 



Ye{K) = y|lm{V2C/i(2T2(«)+T3(«))* 

+Us(-3T,(k) + T2{k) + 2Ts{K)y}, 

Z, = Im{C/i(252 - -^SsT - Us{S, + ^Ss)*}. 



K^/{dd) + Kyy{dd) = ^(^(1) - Ize), 
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K^/{dd) - Kyy{dd) = -^(Yeii) + 2^6), 
K'idd) = -liK^y'^idd) - Ry^idd)), 

K^^{dd) + Kl\dd)^^Y,{2), 

K^idd) - Kl\dd) = -^yf n(0), 
Kl'idd) = -^>^6(2), 
KT{dd) = ^J,\Y,{l)-Z,). 



7. Deuteron (tensor) to Deuteron (vector) transfers 



The polarization transfer coefficient is defined as 

1 



KUdd) = —TriMTapM^T,). 



Define Xj, ^^(k = 0, 1, 2), and Zj as 

^7 = 0, 



Y^{k) = ^lm{V2U^{2T,{K)-Ts{K))* 

+Us{T,{k)-3T2{k)-2T,{k))*}, 



Then we get 



KLidd) + Klyidd) = ^(^7(1) - \z,l 
Kl,{dd) - Ry^idd) = ^{Y7{1) + 2Z,), 

Kyidd) = —{KyMd) - Kyjdd)), 

KlAdd) + Kl^{dd) = -Kl^{dd) = ^>^7(2), 



KlAdd) - Kl^d) = -^^^^7(0), 



KUdd) = ^^{\Y7{l)-Z,). 
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8. Nucleon to Nucleon transfers 

The polarization transfer coefficient is defined as 

K^inn) = -^Tr{MaaM^ap) (B68) 
Define X^, Yg{K. = 0, 1, 2), and Zq as 

Xs ^ l\U,\' + ^\U,\' + ^ReiU.U;), (B69) 
Ys{k) = ^Re{{V2U, - U^){T^{k) - T^in) + 2T^{k))*], (B70) 

= ^Re{C/i(y|>5i + 2^2 + 2^5^3)* 

-C/3(25i - 5^,52 - yf -^a)*}. (B71) 

Then we get 

Kinn) - Klinn) = -l-^^-Y,{2l (B72) 
Klinn) + Klinn) = ^(^Xg + ly8(0)), (B73) 

^^'^''''^^3^^^'"^'^°^^' ^^^^^ 
+ Kt{nn) = ^^^f ^8(1), (B75) 
/r,^(nn)-i^,-M = l^^8. (B76) 

9. Deuteron (tensor) to Deuteron (tensor) transfers 

The polarization transfer coefficient is defined as 

Klidd) = ^T,{MT^pM^T,s). (B77) 
Define Xg, Y^[n = 0, 1, 2), and Zg as 

Xg = ^|t/3|2 + V2Re{U,U;), (B78) 

y9(«) = Re{v^C/ir3(«)* - Us{Ti{k) - T2{K)y}, (B79) 
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Zg = Re{^U,S; + UsiSi - V2S2 + yf -53)*}. 



Then we get 



R 



{Kllidd) - Kllidd)) + {K^/yidd) - Kllidd)) 



N, 



(B80) 



KTAdd) = {K::idd) + Kyi{dd)) + {K^^^{dd) + Kyy{dd)) 

= ^{X,-Y,{0)), (B81) 

-{K::{dd) + Kllidd)) + {Kl^^idd) + x^^^n^^)) 



-n(2), (B82) 



-1^9(2), (B83) 



- Kllidd)) - {K^/^{dd) - Kllidd)) 

= A(X9 + y9(0)), (B84) 

X-(dd) + Kllidd) = ^{X, - ^Y,{0)), (B86) 

KTAdd) - Klim = J^y|>^(2), (B87) 

Ky'Add) = ^(/|>^9(1) - Z,), (B88) 

^.^f (c^c?) - Kyy{dd) = ^(yf - Z,), (B89) 

+ ii'.^f (dd) = -^(yf + 3^9), (B90) 

K:^,{dd) + K^/^{dd) = ±{-^Y,{l) + 3Z9), (B91) 



- K-yyidd) = + ^9), (B92) 

Ry^yidd) = liK'^dd) - K^y^idd)). (B93) 
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